
-I 

R3CIPROCITY IN ~TONL1XEX.R mT;ORXS 

Thomas 3. Stern ! 

, E -  L' 

. .. 

GPO PRICE $ 

CFSTI PRICE(S) $ 
Department o f  S l e c t r i c a l  Zngineering 

. . Colunbia University 
New York, New Y o r k  10027 

. .  

Hard copy (HC) ,2,d% 

Microfiche (M F) 1 6 5  

7 

ff 663 Julv 66 1. Introduction.. . . .  

There a r e  two contrast ing a t t i t u d e s  which a r e  ra"ther prevalent 
- 1  

a m o x  engineers when fzced with nonlinear network problens: the . 
naive b e l i e f  that nonl.inear problerns can be handled by extensions 

o f  l i n e a r  techniques, and the  pessirJ is t lc  view t h a t  no known sys tcmt i ' c  

aTproach w i l l  work, and therefore i t  i s  best  t o  avoid these problems. 

. ~ o t ~ e v e r ,  naivet6 will often lead  t o  tTouble, and pessinism w i l l  not 

solve today's problens. 

g u a n t i t a t i v e  approaches to  nonlinear a x d y s i s  (quant i ta t ive-  questions 

While there can be no s inple  and general  

. _  

. .  
. .  

a r e ,  . i n  any case,  ,be'st l e f t  to.:the con>uter), the purposs o f  t h i s  

paper i s  t o  show that there are important q u a l i t a t i v e  questions which 

can be answered i n  a systematic fashion. Eloreover, these questions 

should be resolved before any intolliL;ent quant i ta t ive  analysis can 

proceed. 

I 

As an exainple o f  the  t y y !  o f  q u a l i t a t i v e  problem which a r i s e s  

a 
cI= 

consider the equilibrium equations f o r  a network o f  r e s i s t o r s  and 

sources. In  the l inear  case existence a i d  uniqueness o f  the  solut ions 

of. these equations a r e  usurzlly taken f o r  cranted. I n  the nonlinear 

case,  however, these issues caizot be ii;uored, m,d they a r e  not altrsys! 

easy t o  resolve. h t : ; c m o r e ,  once it  is h o v n  that one o r  nore 

so lu t ions  e x i s t ,  t he  yroblcn o f  conputation renains. 

. 



. .  
, As m o t h e r  eyanple, consider an RLC network, possibly conta in iw 

constcant sources but no other excitation. 

t h a t  vihatever i n i t i a l  'cocditions we apply t o  the react ive elenents ,  

I n  t h e  l i n c a r  cp.se we exTect 

the  network var iab les  will tend toward an equilibrium as t -. 03 , o r  e l s e  

Ilbloiv (The b-orderline case of o s c i l l z t o r y  solutions is  h,aPdly . 

b o r t h  considering i n  a r e a l i s t i c  s i tuat ion.)  

of d e t e r m i n i x  which o f  these two conditions holds. 

case,  network var iab les  nay s e t t l e  down t o  m y  one o f  sever r l  eQuil ibr ia ,  

t h y  ;.".~.y t e c i  a s j q t o t i c n l l y  totvard certain o s c i l l a t o r y  conditions 

( fundmenta l ly  d i f f e r e n t  f r o m  l inear  o s c i l l a t i o n s ) ,  o r  they nay crow 

There a r e  ra ther  s inple  means 

I n  the  nonlinear 

without bound. If the f i r s t  poss ib i l i ty  occurs, l e t  us say t h a t  the 

network has a 11 constant l i m i t i n g  regine" . 
a t t r i b u t e  of  nonlinear networks i s  not  e a s i l y  cscertsined in. General. 

T ina l ly ,  consider an RLC network driven by time-varying sources. 

Unfortunately, t h i s  in3ortant 

. .  
I n  the l i n e a r  case one generally expects t h a t ,  a f t e r  t r a n s i e n t s  have 

died away, each exci ta t ion waveform will lead t o  a unique response. 

' We s h a l l  c a l l  t h i s  a '!unique l i m i t i n g  regirnell . I n  the 'nonl inear  case . 

t n i u  is more the exception than the  rule. In f a c t ,  one o f  the most  

. usefu l  fea tures  o f  nonlinear networks i s  t h a t  they can be designed 8 0 .  
. I  

that t rans ien ts  do nat Lie out. It i s  therefore  per t inent  t o  ask: 

what s o r t s  o'f networks do o r  do not possess unique l i m i t i n g  regimes? 

This t o o ,  i s  f a r  fron a t r i v i a l  questlor. 

The q u a l i t a t i v e  questions r a i s e d  above a d  many more l i k e  then a r e  

fundamental ones t o  the nonlinear network a l y s t .  Yet, f o r  very general  

t y $ s  of networks and systens t h y  are largely unans::erable. There a r e ,  

however, c e r t a i n  special  character is t ics  of rscinroczl netvorlcs which 

. i r e a t l y  s inp l i f i j  ' the  problem of i i e t e m i n i x  qua l i ta t ive  networlc behmior.  

I n  t h e  fol lowiR7 sections we s b d . 1  show by ziesxs o f  sim?le e r m p l e s  t h a t  

r e c i n r o c i t v  as wel l  as cer ta in  o t  r. 
I 
! . >  
i 
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t '  

sinple  and d i r e c t  answers t o  the  questior,s posed above. i?urther;.iore, 

; i  these a s w e r s  w i l l  be obtained on the basis of  l i t t l e  o r  no spec i f ic  

information regardin6 the network. 
1 ;  

Since t h i s  i s  bes ica l ly  2, t u t o r i a l  e x p s i t i o n ,  i t  v i11  drav on 

the r e s u l t s  of several di f fe ren t  authors. A l s o ,  c e r t a i n  mathemtical  

zsswn~t ions  w i l l  sonetimes l e  omitted i n  the i n t e r e s t  o f  c l a r i t y  and 

brevi ty ,  and p r o o f s  will merely be outlined. 

In  t h i s  section cer ta in  ;properties of  one-element-kind ne tviorks 

w i l l  be discussed, using the a l l - res i s t ive  network as an  example. 

(Nost o f  the r e s u l t s  on the r e s i s t i v e  case can be carr ied over t o  

t h e  capaci t ive case by replacing currents By charges, and t o  the 

inductive case by replacing voltages by flux-linkages. ) By r e s i s t i v e  

networks we aeaa col lect ions o f  brszches defined by t e r n i n a l  r e l a t i o n s  
2 

o f  the f o r m , .  

I , . _  . - 
. \  

(1) . ?  j- (er, GI  = 0 
1 
1 

where t h e  vectors  e and i represent terminal voltages and currents ' ! 
r r 1 

( t  . 2 -  

. -  
2 

respect ively,  and t::.e vector f represents a s e t  of i x p l i c i t  functions 

r e l a t i n g  these v a r i a i l e s  (one. re la t ion f o r  each branch). i 
I 

There m a y  
' 

o r  may not be coupling among the re la t ions .  

of t h i s  type nay be t h o x h t  of as a sin,.;.le aulti-?ort r e s i s t i v e  element 

o r ,  i f  cer ta in  s e t s  o f  ?elations a r e  "decou2led" fron other  s e t s ,  they 

can be.considered as a collection o f  several  elements. 

A col lect ion o f  'oranches 

In a l l  p r a c t i c a l  

i j  

! 

1 
Zverywnere except i n  section 4 ,  a l l  elcncnts t i i l l  be t ine-invariant.  ! 

2 i The saxe notat ion !?ill be used throq;hout foi. vectors arid scalars. The 
I 

context will rdce the  meaniqy  clezr.  S i r i l z r l y ,  i n  dis,?rans, a siqTle Fort I 

l abe l led  with a vector var iable  will regresent a s e t  of ports.  
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A,, 

casesl  i t  vi11 be possible t o  write the terminal r e l a t i o n s  i n  oce 

o r  more o f  the o q l i c i t  forns ,  
1 .  . .  

e, = E ,  (LJ (2a) 

t', = S,Ce,) (2b 1 

depecding upon which var iab les  i n  (1) can be expressed i n  te rns  o f  which 

nthers .  The l i n e a r  res is t .or ,  indegendent voltaze or current source 

and low frequency nodel o f  8 diode a r e  all exanples o f  one-%rt (i.e.,  

non-coupled) r e s i s t i v e  elements. 3xmples  of multi-port r e s i s t i v e  

e leaents  kould.'oe' the gyrator ,  the i d e a l  trm.sfornei* and the  low 

frequency model o f  the t ransis tor .  
* .  

The most  important a t t r i b u t e s  o f  network elenents a re  those 

which renain invariant  under interconnection. 

which exhibit  t h i s  invariance and which a r e  o f  fundamental i n p o r t a c e  

i n  nonlinear network analysis  a r e  rec iproc i ty  and quasi l inear i ty .  

Two propert ies  

. sL .. ' 
I .  

Rec i B r o  c i  tx  . 
Reciprocity i s  defined i n  terns of the  symmetry o f  c e r t a i n  

incremental paramete;. m t r i c e s .  In par t icu lar  i f  a r e s i s t i v e  element 

i s  characterized by t e r n i m l  re la t ions  ( l a ) ,  (Ib) o r  ( I C )  respect ively,  

an incremental res is tance matr ix  
1 

(89) 

an increiaental corductance m t r i x  

G-W = aT,/ac, (rd 

o r  a hyhrid i n c r e m n t a l  resistance m t r i x  

c 

1 
i ! 
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~n element W:=O se i n c r m e n t a l  p c r m e t e r  n a t r i c e s  

2.re s p m e t r i c  (€or all values of t h e i r  a r p e n t s )  i s  sa id  t o  be 

r e c i p r o c d .  

required symmetry.) 

(The negative s ign i n  (Zc) i s  necessary t o  a s s u e  tha  

Obviously one-port elements a r e  reciprocal  

by dofini t ion.  I ' .  

An extremely usefu l  property o €  r e c i p o c a l  e leneats  i s  the 

€cct t h a t  they c m  be c h r s c t e r i z e d  i n  te rns  of ( s c a l a r )  s t a t e  functions. 

I n  t h e  r e s i s t i v e  case these a r e  called Itdissipation functionsll and 

reac t ive  elexents. Thus, f o r  a reciprocal element defined by (2a) 
1 . .  tne d iss ipa t ion  function 

can be defined, If  the terminal re la t ions  a r e  Given i n  the form 

(2b) one can def ine 
Qr 

-t 
(4b j y'p.) 5 J L ( 4 d w  

and if they  a r e  ,yivea i n  the form (2c)  the  llhybridll function 

can be defined. 

o f  path of inte'zration because of the  recigroci ty  condition. 

lower l i m i t  on the  ictegral kas 'men oxi t tcd  since it  merely introduces 

an u n i q o r t a n t  a r j i t r a y  const&?t. 

€unction i s  that it covpieteiy defines t h e  t e r n i m l  c h z r a c t e r i s t i c s  

o f  the eienent i n  a very coin_n,zct frshion. 

can be obtained fron ( 4 )  by different is t ion.  

Ea& 3f  these i s  a l i n e  integra1,znd i s  independent 

Tho 

The usefulness of the dissf&tion 
-. 

Xote thnt equations (2)  

1 t I n  a l l  t h t  f o i l o v s ,  vectors  a re  t reated as Colums and (.) 
trmsposdl . denotes ! 

i . .  

! 
I_- 

~ ~ . ~ _ _  - . .- .. . .. .. 
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C y a s  i 1 i n  w.r i t y . 
&flow the  reciprocal  elements theze i s  a special  c l a s s  uhich s h r e c  

c e r t a i n  q u a l i t a t i v e  fes tmes  with the  cocicon l i n e z r  e lenents ,  a d  i s  

therefore  cal led ouzsil inezr.  (See Duffin rll ). A one-port r e s i s t i v e  

eienent  i s  cal led quasi l inear  (a) if i t s  increxental  res i s tance  ,?nd 

conduct.ance are bounded below by gositive constants. A nult i -port  

elmLent i s  QL i f  it i s  reciproczl and i f  the l e a s t  ei.:envaI.ues of i t s  

increnental  res is tance md conductance matrices a r e  bounded below by 

pos i t ive  constants. Thus these elements a r e  a.lways I I  increnentnily” 

passive,  aI’Ao&n they need not be passive i n  the uaual sense of the  

te rn .  

have spec ia l  pro2ertios:  

The non-lijrlrid f m c t i o n s  $ and associated with n QJ elenent 

‘1) They tencl radially t o  + a. 
2) They a r e  s t r i c t l y  concave. 

As an exanple, a l i n e a r  multi-port with s p m e t r i c  pos i t ive  d e f i n i t e  
.t r e s i s t a n c e  matrix R i s  a. I t s  d iss ipa t ion  function, $(i ) = +ir i, r 

3 -  
c l e a r l y  has the  above proFerties. 

Interconnectio ’!. 
iTow, consider E network containir,.; only reciprocal  r e s i s t i v e  elements, 

; .  

m d  sup3ose soldering-iron o r  p l i e r s  e n t r i e s  a r e  mile i n t o  the  network 

at a r b i t r a r y  points,’.out with the following r e s t r i c t i o n s :  (1) The 

voltnf;es and currents at all ent r ies  a r e  togologically ixxiepxdent, and 

(2) If e 

. I  

represents the voltases 2-t the solderi&;-iron e n t r i e s  m d  
S 

i t h e  currents  a t  the $iers en t r ies ,  the values o f  ,211 o t k c r  vol”,-,ys 

nnd currents  i n  the netvorl: can be  e:qwes:se& Uniqnely i n  tc rns  of ( e s ,  i ). 

If these r e s t r i c t i o n s  a r e  P d f i l l e 6  we shall eel: the s e t  ( e  , i ) and 

t h e  associated s e t  of en t r ies  In  desi,p;tl..r.tirif n par t icu lar  

P 

2 ’  

S P  0 

corr,nletell . 



. -  ! 
conplete s e t  o f  e n t r i e s  o f  a. nett:ork we ?-re i n  effect  vievin:'; i t  2.0 a Ci; i , -C ' I  

9 :  

i 
! i  rmiti-port element which cail be described by t e r n i n d  r e l a t i o n s  o f  
, I  . .  

t h e  €om 

I; = i s ( C s ,  L ?  9 
z p  E E ,  (*A, +) ( 5 )  Ls = 1, ( = S I  o r  e p =  € , ( i p )  

dependin: upon vhich types (solderinz i ror .  o r  p l i e r s )  o f  en t r ios  Cre 

selected.  (See Fig. 1). 

containin5 only r e c i p o c a l  ( o r  QL) elaTents \:ill be r e c i p r o c d  (or  a) 
Xovr i t  can be shcvn t h a t  m y  r e s i s t i v e  netrork 

when viewed f rom any conplete s e t  o f  en t r ies .  

r e c i p r o c i t y  and quasi l ineaxi ty  a r e  invariant  under i ntbrconnect ion. 

It i s  i n  t h i s  cense t h a t  

3ouili3rim Equations. . 

Most systematic procedures for fornulatin;; equi l ibr iun equations 

f o r  r e s i s t i v e  networks reduce t o  se lec t ing  a complete s e t  of e n t r i e s  
. -  

i 

i 

! I  (and var iab les )  f o r  the network, construct in?; the functions appear iw 

i n  (5)  and s e t t i n g  these functions equal to zero ( t h a t  i s ,  reduciw 

t h e  external exci ta t ion t o  zero). Thus, i n  these systeiiiatic fornulat ions,  

I <  

j 
1 

\ 

As an e m p l e ,  consider t h e  node equations f o r  a connected network I 
! 
f 
I 

I 

t h e  reciprocal  and Q,2 >ropert ies  a re  preserved. 
I 

I 
whose elenert  s a r e  det'ined by the t e r n i n a l  re la t ions ,  

i r  i, = Tr (4 (6) 

I L e t t i n e  e be the node-to-datuii voltazes, and A be the incidence m t r i x  
S 

' f o r  the netv7ork (reduced by the deletion of the fiatun node), we have I !  

i 
I 

which, when conkined with (6), give the node e y a t i o n s  

If inde3endent sources a r e  added t o  sone o r  a l l  o f  the  branches 

- - _ - -  - - . __-l _ -  - 
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i n  the Tamer o f  Tic:. 2, eq.(7) becozies 

where the vector V represents k?. liolta.ce sources and J the 

current sources. It  can be seen by inspection o f  (7) and ( 8 )  

t h a t  the incremental concluctaxce matrix G( e ) €or the  o r i c i n a l  

elements transforms t o  the ciatrix AGAb f o r  the network e a p t i o n s ,  
r 

2. 

and hence i t  f o i l o w  t h a t  both reciprocity =and q u a s i l i n e a r i t y  are 

preserved. 

L o t  us nov t u r n  t o  questions o f  existence,  uniqueness and 

c o z p t a t i o n  o€  solut ions of the eqci l ibr iux ocgxitions o f  r e s i s t i v e  

notvmrk6, with pmt ic i tn r  reference t o  recigrocn.l, m d  Qb nstuor1rs. 

I n  general ,  equations o f  the f o r 2  (8) cczn have one, nany, or no 

solution. 

one equilibrium, but the  nodels chosen t o  r e p e s e n t  i t ,  'oeing only 

(Of course, the  network i t ' se l f  will always have at l e a s t  

agproxinate, m y  not display t h i s  prozerty. ) Thei-efore, one nust f i r s t  

deternine co nd i t i on s unci e r  which a solut ion o f  the equilibrium 
f .  b '  

. . 4  

equations exis ts .  

3 W 2 L E :  i: Let us determine under what 'conditions the node 
. I  

. 

equations o f  a rec iprzca l  network v i l i  have at l e a s t  one solution. 

Because o f  rec iproc i ty ,  X:q.(7) o r  (8 )  can be expressed i n  the  f o r m  
~ 

(9) 



f o r  e x a q l e ,  i f  the network i s  coqosed of one-port e lenents  each 

of vl iose e-i tip-racteristics t e rd  tovard +(-) 00 as t h e i r  arcpiients 

tend tov iasd +(-) 03. 

Havin: established existence it  i s  equaily inportant  t o  

. deteimine i f  the equiii'cri&j e y i t i o n s  hzve More than one solut ion.  

In  general a netvorlz o f  reciprocal  elements nay possess zany 

equ i l ib r i a .  (For e x a q l e ,  tunnel Giocies &re ozften ased t o  obtain 

' reverni equi l ibr ia . )  I f ,  however, t h e  r~etvorl; c o n i d n s  only QL 

e lezents ,  we c2-n e s t ab l i sh  both existence a d  uniqceness. 

LVAQIZ 2: Assune now tha t  the netvork eleaents  o f  Ex. 1 

a r e  all a. 
the  code equations e x i s t s ,  and condition (2) 9 q l i e s  that $1 w i l l  

possess one and only one s ta t ionary point  (a ninirrium). Bence the 

netvork w i l l  have a wliqrie equilibrium. 

Co,ndition (1) on p w e  6 implies t h a t  a so lu t ion  o f  

The z l o v e  discussion with respect t o  t h e  ixde  equations Eeneralizes 

t o  other  foimilet ions o f  the  equi l ibr iu i i  ec_uations zad shows t h t  

Even when i t  i s  h o v n  t h i  a u i q u e  so lu t ion  o f  t h e  equilibrium 

equations e x i s t s ,  i t  Eenernlly c c u n o t  %e con_nute& e w x t l y .  Successive 

a?poxir;,ation i s  usurzliy +:;e o n i y  ieaso,m,-o?e c o n ~ u t a t i o n a l  Frocedu-e. 

Eowever, i t  i s  i;-,portnnt t o  be a b l e  t o  ,uredict vhen such a procedure 

w i l l  converge. 

Since the equilibria o f  a reciyrocal net::o~k can be iden t i f i ed  with 

- -_ 

Yere z,-ain r e c i > r O c i t j T  nacl ~ m s i l i m a r i t y  are lmlpful.  

t 

I 
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( 1  
. . I  the s t a t ioca ry  points  o f  a diss ipa t ion  f m c t i o n ,  it is  nz tu re l  

t o  t r y  sone s o r t  of "descent" nethod v!iich, i n  successive i t e r a t i o n s ,  
i g  

vi11 seek out the stationa1;y poin ts  o f  the d i s s ipa t ion  function. 

A l t h o x h  i t  was n o t  described as such bg its or i c ina to r s ,  the  

11 re laxat ion" . nethod of Birlhoff  and D i a z  [ Z ]  i s  an i n t e r e s t i n c  exanple 

o f  such a procedure. 

vUCPiX 3: 

; . '  

Consider a connected r.ett!or!: v i t h  node-to-datu1 

vo l t azes  e , ... , e . 
1 n 

o f  tkase vol tases  i s  t o  assuiie erbitrei-y values  of a i l  but one of them, 

One way of findinx a se t  of equilibriwil values .' . 

and then solve the  XCL equation about the ieztaininz node f o r  t he  

r e m i n i x  volta&e. This i s  referred t o  8s IIrela.xin;(' t h a t  node and i s  
I I  I 

i n  succession md repeating the ?rocc&ue 10% enowjl, we night  hope 

t o  converge on a s e t  o f  equi l ibr iun values. 

procedure does 

It i s  known t h a t  t h i s  

converge i n  General, but i t  P . ~ V E W S  does i n  Q& 

networlr,s. 

the  associated d i s s iga t ion  function (bl. 

To see thy ,  l e t  us r e t w r  t o  tilemde eQwtions (8 )  aid 

Relaxi% node j corresponds t.0 

' i  

I 

I 
I 
i '  

! i  
i i  
i *  

novinc along the  surface $' i n  a directioil p a r a l l e l  t o  the  e - a x i s  
J 

until a s t a t iona ry  po in t  v i t h  respect  t o  e i s  found. (This will be ' I  ! 

i '  
j 

a minimum i n  the  QL 2858.) 

the  surface @ t  moving p a r a l l e l  t o  one coordinate ax i s  a.t a t h e ,  and 

continuiw; t h i s  y o c e s s  until the ninimm i s  reached. (See Ti;. 3). 

Thus, relaxat ion i s  equivalent t o  descent on 

i I  
I f  

.. . . .  . .  . .  
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3. Actononous RLC Yet::'Orks. 

In  t h i s  section- we s h a l l  erzaine tho TLestion 'of cons t an t  l i n i t i n z  

regiaies i n  RLC networks vhich a r e  autonomous; i e , containine only 

constcant exc i ta t ion  and the- invnr ian t  elenents.  

developnent i t  is convenient t o  think o f  a n  RLC network as havin,: been 

constructed by starting with a General r c s i s t i v e  netvork, makilt.; an 

a r b i t r a r y  ra.i%er o f  e n t r i e s  i n t o  t h i s  mtwork, and insertin,:. a czgaci t ive 

branch into each solderiu;-iron entry and =A inductive >ranch, into each p l i e r s  

ectry. The network cdn then be viewed as three nul t i -2ort  scbnetuorks 

connected as shown i n  Fig.  4. A s s u T i x  t h a t  the se t  o f  e n t r i e s  i s  

complete, the dmanic  ecwtioris f o r  t he  systen will take the f o r m ,  

To s implify the 

c ( e , )  i3 = - L (e&> ~ i l  
, U P  ;,T P '  - - E ,  (CS, LP) (11) 

tthera C(e ) i s  the incre;nentai cqac i tance  n,ztrix 3 /at; of the 2 S 

elements fac ing  the  solderiRy-iron entr ies  ( e  = capacitor charge) 'and 

L ( i  i s  the  incremental inductance matrix 3h/al 'p o f  the  elenents  
P 

' faci&< the p l i e r s  e c t r i e s  ( A =  flux-iidzages). The s t a t e  va r i ab le s  

( e  , i ) conprise the voltages on each c q a c i t o r  a d  the  c w r e n t s  

through each inductor.  ?%7ow, asswninc tha t  a l l  elenents a r e  cec iproca l ,  
1 S P  

;- ,'X~.(ll) can be represented i n  tlie x o r e  compact f o r a ,  

-t 
( 1 2 )  

where 

j 
i 

i 
i 
j 

I 

i 

I 

I 

! 

i 
r 

! 
\ 
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Squation (iZ) reduces t o  ! 

i 
f. I 

! 

1 i n  the RC case and t o  the  dual o f  (13) i n  the RL case. 

This fomula t fon ,  first used by Brayton. znd Eloser [31 , 

o f f e r s  rnuch ins ight  into the question of a constant l ini t in; :  recine.  

For exanple, consider the r e l a t i v e l y  simple case of a recigrocal  RC 

network i n  trhich a l l  capacitors a r a  QL. 'Ye note f i r s t  t h t  (13) 

i q l i e s  t.hr t a11 s o l c t i o n s  of the network equations f l o w  

on the  Cissipat ion function $ I .  

d$I /dt a lons solut ions of (13), Civing 

Bow.rnhilllt 

This i s  deduced by e v a l u a t i w  

Sinca the capaci tors  are a, C(e ) i s  pos i t ive  d e f i n i t e  for 
S 

all e pad thus t h e  r a t e  o f  chmge o f  i s  always n e p t i v e  except 
S '  

at points where 'e = 0,  t h a t  i s ,  t h e  e q u i l i b r i a  o f  the m t w o r k  ( s i n , y l a r  
S 

points  of (lZ)).' ETow, if tends r e & i a l l y  t o  .t 03 (which i t  
' norna l ly  does i n  real networks), then the ~tctowrihil l~l  condition (14) 

w i l l  assure that no solution can grow without 'oound, and tha t  a l l  

i n i t i a l  conditions Is,& t o  solat ions which tend toward s ingular  points 

o f  (iz) as t - co . 
the function f i t  a r e  s t s b l e  equi l ibr ia  o f  t h e  network equations. 

Those sin,pla,r 2oints corresponding t o  minima of 

Other 

s t a t i o n a r y  points  represent uns t2 ,Xe  eQuilibria. Tnus, u d e r  t hese  i 
j 

i 
i 

conditions,  8 constant l imi t ing  resine ex is t s .  i 

j It  i s  i n t e r e s t i x  t o  note that these conclusions were reached - 
r.:ithoxt the s1i;;litest 5it  05 ow-ntitstlve infoimation on the  network. 

Tne e s s e n t i a l  assmpt ions  requiyed vere nere ly  t h a t  a.11 r e s i s t o r s  vere 

rec iproca l  and all capmi tors  were QL. 

. j  
i 
I 
I 

I 

, I 

I 

I 

i 

i 

i 

I 

1 

i 

i 

, 



consider the fo l lov i ing  Isroblen: 

C& eler,ents plus z n  a r b i t r a r y  xLz:ber of ( o n e - p r t )  voltage-controlied 

nezative resis tance (VCXX) eleixents. (The V C ~ ~ I ' S  are assmed t o  have 

tile 2ropeiqty: i - +(-) co 8 s  e 4 t(-) '03 .) 

s x h  a network m y  possess several e ~ ~ L l i b r i a , o n d ' t h a t  sone w i l l  bo sta'ole 

and others  unstable. 

the s t r a y  c a p c i t a n c e s  i n  the netvork, how can .we deterniine which 

e q a i i i b r i a  w i i i  be sta3ie, a ~ i i  wiietjier tl;t: zetwo~>-, hias a c c n s t z ~ t  

A r e s i s t i v e  iletV1Ork i s  coqosed of 

11; i s  Viell-Iinotril that 

kssur;li,x that s t a b i l i t y  i s  governed n r i n a r i l y  By 

l i n i t i Q y  regime? To invest igate  this  -goblen, l e t  'LIS mypent the 

r e s i s t i v e  netvork by &ding l inepz gos i t ive  capacitzaces o f  a r b i t r , s y  

va lues  t o  the network at a r b i t r a r y  solderix-ii-on entyies.  The only 

r e s t r i c t i o n  which need be placed on the .zQ;rr.entation i s  t h a t  each VUG3 

i s  shuiited by some capacitance. 

we f ind  that the network equations reiiuce t o  the form (13), and t h a t  

Umier t h i s  very reasonable r e s t r i c t i o n ,  

a l l  the requirements f o r  a constant l i m i t i q  recine a r e  s a t i s f i e d .  

Any equilibrium corres>ondins t o  a x1inimu.n of $ 1  i s  s table ,  where $ I  

is the  d iss ipa t ion  f-mction f o r  the  network ns vieved'fron the 

capacitor terminals. Since t h i s  resu l t  i s  lased  on the r e s i s t i v e  element 

chiaracterist ics a lone,  :it 2s cozgletely indepecdent of the  locat ion and 

v;..laes of  the aucnentii:C; cmzci tmces .  

To o'otaia similar r e s u l t s  f o r  netv0rl:s containiR: both L I S  end C I S  

i s  considerably Eore d i f f i c a l t ,  the reasoz?. beins  that tile solut ions o f  

( i 2 ) - u i l L  not run downhill  on the f u c t i o n  @ I 1  became the m t r i x  J i s  

not pos i t ive  defir , i te.  Hovever, i t  has been shovfii that the p a i r  J ,  fill 

I 

: 
i 

i 

I 

i 
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ci-k-.n,yinc the solut ions o f  tlie eQuatior,s. Thus, t o  d m - n s t r c t e  t h e  

existence of a cossto.nt l i m i t i q ;  rcgir;.e i n  8 reciprocal  RLC network 

ve zust see;< an  equivalent representation o f  (12) i n  itfiici? solut ions 

run clovnhi l l  bn the d iss ipa t ion  Tunction. Without goine: i n t o  the 

d e t z i l s  of t h i s  procedure we shall i l l u s t r a t e  i t s  a g l i c s t i o n  i n  a 

part i c u l m  cas e. . .  
ZGUi?iZ 5 :  Let us conside? the e f f e c t s  of'strey inductances ' 

as well a s . . s t r a y ' c a p c i t a n c e s  i n  the nettrork,of exm2i.e 4. We s1iall . 
. .  

augnent the r e s i s t i v e  network by adding l i n e a r  Fos i t ive  c a p w i t o r s  at 

pxbi t rary s o l d e r i n p i r a n  en t r ies  and l i n e a r  pos i t ive  inductors at 

a r l i t r a r y  2 l i e r s  e n t r i e s ,  subject o n l y  to  the sene r e s t r i c t i o n  as 

before: that esch V C E 3  be shunted by sone capacitance. Such a netvork 

cax be described by (12) where c a n i  L will 5e coxxiant symmetric and 

p o s i t i v e  d e f i n i t e .  
h 

Furthernore, i t  turns out that an equivalent pair J ,  

having the desired lldownhilltl properties can be found (see i 3 1  ) 

To i n t e r p r e t  condition (15) 2hysically, note that the matr ix  G 

represents  the ' increnental  conductance n z t r i x  at t h s  capacit ive ports  

when the incluctor currents a r e  held constent (liefer t o  Tic;. 4), and 
- -  

_. 

thus the f irst  t e r n  i n  (15) reliresents the least RC llincrenentalll na tura l  
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f the  presence o the VC2X1 s t h i s  nay be negative. 

Similar ly ,  R r e p e s e n t s  the increaeztal  r e s i s t a c e  dmtr ix  at the 

inciuctive t e r n i n a l s  then the c a p c i t o r  voltzges a r e  held constant. 

Secause o f  the way i n  which the  aqymntation tvas performecl, the 
5 .  

. . *  

r e s i s t i v e  networ!: vi11 be. QL then vieved from the inductor por t s ,  and 

hence R will always be pos i t ive  def ini te .  The second term i n  (15) 

: represents  the smallest  RL incremental na tura l  frequency. B e c a s e  

o f  the QL condition just zientioned, t h i s  t i i l l  be posit ive.  T o r  

arbitrary values o f  capacitors a d  inductors i t  i s  c lear  t h a t  cofidition 

(15) nay not be f u l f i l l e d  m d  thus tke nctvork m y  not have a constant 

l i n i t i q  regime. 

makine. the inductances s u i f i c l e n t i y  s ca l l  and/or  the capacit'mces 

s u f f i c i e n t l y  lgrge.  

of QL r e s i s t a c e s  and V C h J 1 s ,  increasing the s t r a y  czpacitances and 

decreas i re  the stray inductances tends t o  I t  s tab i l ize t t  the network. 

Hovever, condition (15) can alvmys be r u l f i l l e d  by 

The conclusion therefore , i s  t h a t  i n  8 network 

(Under constant l i n i t i n g  regime conditions the e q u i l i b r i a  which were 

s t a b l e  in  the RC case w i l l  a l so  be stable i n  the BLC case.) 

. 4. RLC Netvorks v i t h  ?,>:citation. 

I n  order t o  explore the bellavior o f  forced ?JC net 

assoc ia te  an a r b i t r a r y  s e t  o f  independent, possiblsz t ime-varyiE sources 

t i i th  the  r e s f s t i v e  elenents i n  the manner of Fig. 2. 

soxrces nodi f ies  (11) t o  the $ern 

Inser t ion  o f  the 

where u ( 2  vector t ine  function, in  general) represents the e f f e c t s  

of  sources. TheTe a r e  xaay co;i~ot? e . x q l e s  of networks of t h i s  type 

which do not ez5ibi.t a unique l ini t in:  regine. Sei- e->le, many s i q l e  

c i r c u i t s  c o n t a i n i x  nonlicezr react ive elenent s will, then driven by 

. 

I 
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a sixsoiclal exc i ta t ion ,  procuce e i ther  a harnonic o r  a subharnonic 

res3onse eepecding u?on i n i t i a l  conditions. Such 'c i rcu i t s  c l e a r l y  

do n o t  exhibi-t a uxique l imi t ing  reGirse. 

qcasi l ineai- i ty  i s  enoq;h t o  insure a unique i i n i t i n ,  regime, but t h e '  

Neither rec iproc i ty  nor 

foliovi;.;; exax,.ole shows that a few additional r e s t r i c t i o n s  w i l l  assure  

t h i s  condition. 

XW@Lf 6: Consider a netvor!: describ&le by (16) where all 

capacitcznces and inductances a r e  l inear  and pos i t ive ,  each ca.pzcitmce 

i s  shvhted by a r e s i s t i v e  branch, an& ea&r in&uct,?ilce i s  i n  s e r i e s  

with a r e s i s t i v e  brwch. 'ifiese zssuiptions ixp ly  t h t  C ancl L a r e  

constant synnetric an6 pos i t ive  def in i te ,  arrd t h t  the network i s  

QL !die2 viewed from the e n t r i e s  associated with ( e  , i ), for m y  

f ixed value o f  u. From these'couditions i t  follows e a s i l y  that 

. 

S P  

a bounde5 exc i ta t ion  u( t )  rr;oduces a 'tjouncled response. !hat we 

wish t o  si1011 i s  tha t  f o r  a give2 i q u t  u(t), solutions o f  (16)  s t a r t i n g  from 

any i n i t i a l  s t a t e  will all tend a s p s t o t i c a l l y  t o  a unique response. 

Cocsider any tvo solutions ( e  , i ) and ( e ' ,  it  ) corresgonding t o  the 
S P  S I ?  

as a ceasixre of  the  dif lerence betveen these solut ions,  we f ind  from 

(16) that 

 ut i t  cai1 be s1io.i.m f'.] that the Q,L coildition i x p l i e s  th9.t the 

r i z h t  hind s ide o f  (17) i s  4 -IC$ v3ere k i s  a gos i t ive  constant. This 

! 

! 

! 

I 

. .  

1 
i 

I 

i 
I 

t 
i 
I 

i s  enouil;;? t o  insure that my two solutions agproach each other as t - CD ; 

that is ,  a unicue l i n i t i n g  regiae ex is t s .  
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We have giver, several  i l l u s t r a t i o n s  o f  the m y  i n  vhich 

-ae%avior of  netororks. O f  course, m n y  other  i l l a t r s t i o i i s  e x i s t ,  

m d  i n  nany cr?ses the s m e  r e s u l t s  could hzve been ,ni*oved vit i i  s1i::htly 

less r e s t r i c t i v e  asswyt ions .  I n  m y  case, the s t s t a s  o f  l ~ c u a l i t a t i v e l ~  ' 

network theory l;ode.y s u 3 3 a t a  t b t  cuch re ra ins  t o  bo learned, and thnt 

1. 

2. 

T 
U .  

4. 

~ 

i 

t h i s  i s  a very f e r t i l e  are2 f o r  cur ren t  research. 
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So I d er i ng 7 iron Pliers 
entries en tries 

Fig. 1 Entr ies to a resistive ne twork .  
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